The charge distribution and electromagnetic field in a rotating conductor with a net electric charge under stationary conditions are described by Maxwell's equations and the Lorentz' force equation. The equations are written both in the inertial rest frame of the rotational axis and in the rotating rest frame of the conductor. They are applied to the case of a rotating cylinder. The existence of a spatial charge distribution in a rotating conductor is demonstrated,
Introduction
It is an elementary result of electrostatics that a charge given to an isolated conductor will distribute itself on the surface of the conductor so as to create a zero electrical field within the conductor under static conditions. If the conductor is put into rotation it must be expected that the centrifugal effect on the conduction electrons, and the magnetic field caused by the motion of the charge, will cause a redistribution of charge in the conductor, and a space charge may appear within in it.
Thus we will consider the following problem. Let an isolated conductor with a net electric charge be given a constant angular velocity. Find the charge distribution and electromagnetic fields in the conductor under stationary conditions.
We have not found any treatment of this problem in the literature, but three groups of related problems, all concerned with electromagnetic fields of rotating objects, have been considered.
Firstly the problem of unipolar induction was investigated during the first twenty years of this century. In these investigations the electromagnetic fields associated with rotating magnets were calculated (Swann 1920 , Tate 1922 , Van Becker 1932 , Schlomka 1949 . Also the existence of spacecharge within rotating conductors was pointed out by A1fvt.n (1950) .
Another related problem which was extensively investigated during the first half of this century, was that of explaining the magnetic field of the Earth. In this connection the electromagnetic induction in a rotating sphere was described (Thomson 1893 , Sutherland 1900 , Swann 1917 , Chapman and Bartels 1940 , Davis 1947 , Bullard 1949 , Barios Jr and Golden 1952 , Van Blade1 1973 . In these investigations one considered rotating spheres with no net electric charge, and obtained either complicated solutions of the field equations, which could not be expressed by elementary functions, or solutions corresponding to an assumed uniform magnetic field within the sphere.
Thirdly the electronic fields of given rotating charge distributions (Marsh 1982) , and especially of charged, rotating, non-conducting, spherical or cylindrical shells, have been calculated (Jefimenko 1966 , Good Jr and Nelson 1971 , Corum 1980 . Recently in a related paper, Georgiou (1982) calculated the interior and exterior electromagnetic fields and the charge distribution occurring when an infinitely conducting fluid, with a spherical boundary and rotating with constant angular velocity, is placed in an originally uniform magnetic field aligned along the axis of rotation. The calculation is valid for relativistic velocities, and represents a generalisation of first-order calculations performed by Deutsch (1955) and Ruffini and Treves (1973) .
An important physical effect in connection with rotating charged conductors, is the redistribution of space charge due to the magnetic field which is produced by the moving charge of the rotating
conductor. An investigation of this effect is the main point of our paper. It will appear that for solid conductors under laboratory conditions the effect of the inertia of the conduction electrons cannot be neglected.
We shall describe the electromagnetic fields and charge distributions of rotating conductors both in the inertial rest frame C, of the rotational axis and in the rotating rest frame XR of the conductor. This will provide an instructive application of electrodynamics in rotating frames.
It should be noted that the theory of relativity permits several different three-vector formulations of the electromagnetic equations referred to a rotating frame of reference (Shiff 1939 , Trocheries 1949 , Ise and Uretsky 1958 , Arzeli&s and Henry 1958 , Webster 1963 , Imine 1964 , Modesitt 1970 , Bow 1972 , Webster and Whitten 1973 , Schmutzer 1973 , Shiozawa 1973 , 1975 , Landau and Lifshitz 1975 , Van Blade1 1976 , Corum 1980 . Our treatment will be based on Irvine's formulation.
Earlier applications of the electromagnetic equations in a rotating frame of reference have been made to the cases of rotating charged shells with cylindrical or spherical symmetry (Ise and Uretsky 1958, Corum 1980) . The theory has also been applied to different versions of the Sagnac effect (Heer 1964 , Yildiz and Tang 1966 , Post 1967 , Anderson and Ryon 1969 , Volkov and Kiseler 1970 , and to scattering of electromagnetic waves by a rotating sphere (MO 1970) .
In 02 we give the basic equations for our problem, referred to C,, in the non-relativistic case. The equations are solved in 03 for the special case of a cylindrical conductor. The theory is generalised to the relativistic case in 44. In 45 we apply Irvine's formulation of electrodynamics in a rotating frame of reference to our problem, and the equations are solved for the cylindrical conductor. Our results are summarised in 06.
Electromagnetism of rotating conductors described in the inertial rest frame of the axis.

Non-relativistic case.
We consider an isolated conductor with a net electric charge that rotates with constant angular velocity W around a fixed axis.
Under stationary conditions Maxwell's equations referred to the inertial frame X, of the axis of rotation are
It has been assumed that the electrons have come to rest relative to the conductor.
trons is in the non-relativistic case
The equation of motion of the conduction elec-
where -e and m are the charge and mass of the electron respectively. The last equation may be written
E+ux(B+B,)=O
(7) where is the magnetic flux density equivalent to the effect of the inertia of the electrons.
For o = lo3 S-' we get B,,, = 5.7 x 10"'T.
From equation (4) it follows that
Taking the divergence of equation (7) and using equation (1) we get 
equation (9) and
we get
Equations (9) and (10) 
3. Application to a cylindrical conductor We shall apply the preceding equations to an infinite, cylindrical conductor of radius R with a given net charge A per unit length, rotating around its own axis. From the cylindrical symmetry of the problem it follows that the only non-vanishing components of E and B in cylindrical coordinates are
Outside the cylinder it follows from Ampkres' law, equation (4), and the boundary condition that B+ 0 as r + q that B = 0. The flux density within the cylinder is found from equation (14), which now takes the form d B dr
which upon integration gives
where
applied to a rectangular path with one side of unit length along the axis and another outside the cylinder. Remembering that B = 0 outside the cylinder, we find
which is seen to be equal to the uniform flux density that would have been produced in the cylinder if the charge A had been confined to the surface.
From equation (16) we see that the flux density has one component due to the charge A, and one component due to the inertia of the electrons.
The electrical field within the cylinder is found from equation (7). Using the identity
we obtain for the electrical field within the cylinder
-Bo). (20)
Outside the cylinder it is found from Gauss' law that the electrical field is
which is independent of the rotation of the cylinder. The charge density is found from equation (13) to be
where p. is the charge density on the axis. The surface charge per unit length of the cylinder, A, , is found from the boundary condition for the electric field on the surface
Substituting from equation (20) and (21) we find
is the surface charge per unit length corresponding to B",. We see that A, may be identified as A,,,= e/2r,,, where rO = e 2 / 4~~, m c 2 is the classical electron radius.
If A = A, equation (18) gives B,,= B",. Equations (16), (20) and (22) show that this special case represents a solution with a homogeneous magnetic field and with a vanishing electric field and space charge. The existence of this special solution can also be seen immediately from equations (1) and (7).
It corresponds to the dynamical situation that the magnetic force on the conduction electrons equals the centripetal force.
As for the magnetic flux we see from equations (20) and (22) that the electrical field and the charge density within the cylinder have one component due to the charge A and one due to the inertia of the electrons. To estimate the magnitude of these two components we note that under normal laboratory conditions air ionises in an electrical field of the order lo6 V m". From equation (21) we find that for a cylinder with a radius R = 0.1 m this corresponds to a value of A of the order 10" C m-'. This is the maximum charge that the cylinder will keep without leakage.
If we choose W = lo3 S-' we find a corresponding value of B o of the order 10-9T, which is of the order of B,,, calculated earlier under the same conditions. Hence we see that the contribution to E and p from the charge A and from the inertia of the electrons are of the same order under laboratory conditions.
The appearance of a space charge and a radial electrical field in the cylinder is similar to the Hall effect in a linear conductor placed in a transversal magnetic field. The potential difference between the axis and the surface of the cylinder is given by
c2). (25)
For R o c we find
With A = 10-'Cm", R = 0 . 1 m and o = lo3 S", this gives U = 1.8 X V.
The relativistic w e
In the preceding treatment we have treated the electron mass as a constant. In a relativistic treatment we must take into account the velocity dependence of the mass and replace m by ym. Equation (7) will then be replaced by
E+ux (B+yB,,,) =O (27) where B,,, is as previously given by equation (8) where m is the rest mass of the electron. Following the same procedure and using
T -y ( 0 x u ) = --y ( l + y 2 ) o 2 ( 2 8 )
we find instead of equations (13) and (14) ,,] . (30) In the case of the cylindrical conductor we find instead of equation (15) (yB,-B,) (33)
and For the charge density we find
where p,) is given by equation (22).
As expected the effect of the relativistic corrections is to enhance the contributions due to the inertia of the electrons.
Description from the rotating rest frame of the conductor
It is instructive to consider the relativistic case in a rotating frame of reference.
The three-vector formulation of the electromagnetic equations in a rotating frame of reference is not uniquely determined by their form in an inertial frame of reference and the principle of general covariance. There is no canonical way of decomposing the four-dimensional tensors into three-vectors. Irvine (1964) has given a formulation of the electrodynamic equations in a rotating frame of reference, ZR, in which the tensors are decomposed relative to a field of orthonormal basis vectors {e;} in Z, . In this formulation the usual definitioq of the electric and magnetic field vectors, E and B, E; = F;,,
implies that the Lorentz force equation is valid in ZR in the same form as in CI, and the field quantities in ZI and ZR are connected by the specialrelativistic transformation formulae. In the following we will apply this formulation to our problem. The covariant generalisation of equation (6) is -eF:uG = ma' = m(u'+r:cu"u") In a rotating frame of reference is an expression of the centrifugal acceleration (Corum 1980) . "
. .
With the identification F ; 6 = Er, where E; is the (39) ;-component of the electrical field strength, we
This electrical field, due to an outward displacement of the conduction electrons, is directly radially out from the rotational axis. A similar electrical field will be present in every conductor at rest in a non-inertial frame of reference. If the inertial acceleration is g the electrical field is
For g = 10 m S-* one finds E, = 5.7 X lo-" V m".
In the case of our cpnductor with R = 0.1 m, o = IO3 S-' one obtains E = 5.7 x V m". In general the maximum electrical field strength produced by an acceleration of a conductor is limited by the elastic properties of the conductor.
For the stationary case, and with vanishing currents, the field equations take the form is the centripetal acceleration of such a point measured in XI. Here V is defined with respect to the spatial metric in CR (Irvine 1964) , so that the three-dimensional divergence in C, is given by (47) We note that equation (43) is satisfied by the electrical field giyen in equation (40) . Also this field implies that U X E = 0 , so equation (44) 
In the case of the cylindrical conductor equation (45) As mentioned above, due to the use of orthonormal basis vectors the electric aqd magnetic fields in X,, may be found from E and B given in equations (40) and (501, by use of the special relativistic transformation equations
Bl; = B ; ,
In this way one finds B and E, given in equations (32) and (33).
Using equations (42) 
Conclusion
The charge distribution and fields that will arise in an isolated rotating cylindrical conductor with a net charge have been calculated. The effect is shown to be a sum of two contributions; one due to the inertia of the electrons and one to the net electrical charge of the conductor.
When described in the inertial frame C,, the contribution due to the inertia of the electrons is the charges and fields that, in the absence of a net electrical charge on the conductor, is required to cause the conduction electrons to move together with the conductor, in circular orbits. The resulting electrical field is directed outward from the axis of rotation and is caused by a positive space charge within the conductor.
A corresponding negative charge is found on the surface of the conductor.
The contribution due to the net charge is the charges and fields that will cause a zero Lorentz force on the conduction electrons. If the inertia of the electrons is neglected, this is the total charges and fields in a rotating conductor. If the net charge is positive the magnetic force will be directed toward the axis and will be balanced by an electrical field also directed towards the axis. The corresponding charge density within the conductor will be negative, and a corresponding increase is found in the positive surface charge.
In C, the conduction electrons are at rest. No magnetic force acts on them. The only contribution to the electrical field comes from the centrifugal field in C,, which gives the conduction electrons a displacement away from the axis. Nevertheless, there is a contribution to the spatial charge density, proportional to the net charge on the conductor. And this represents a displacement of the conduction electrons towards the axis. In Z, this arises from additional terms in Maxwell's equations, not from a magnetic force, as it does in XI.
The different descriptions in XI and C, illustrate the fact that qualitative explanations of a phenomenon are not covariant in the theory of relativity.
